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Abstract 

We study unitary representations of groups in Krem spaces, irreducibil- 
ity criteria and integral decompositions. Our main tool is the theory of 
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quet's theorem. 
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Introduction 



The use of reproducing kernels methods in harmonic analysis and representation 
theory is now classical [37] , [13] , [34] , [42] , [44] , and is one of the main appli- 
cations of the theory of reproducing kernel Hilbert spaces or Hilbert subspaces 

0, m- 



The present paper was motivated by the intuition that such methods could 
also apply to representations in indefinite inner product spaces. Hence we con- 
sider together two less known extensions of the previous theories: on one hand, 
the theory of Hermitian subspaces and Krem subspaces and their kernels [36] , 
[T], [3S], and on the other hand operator algebras and group representations in 
indefinite inner product spaces [31] , [24] , [21] , [32] , [3] . Note that these represen- 
tations appear mainly in mathematical physics, following the use of indefinite 
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metric spaces in the works of Dirac [TO] , Pauli [33] and Heisenberg [T7] . They are 
now critical issues in quantum electromagnetism and the Gupta-Bleuler triplet 
[1], representations of CCR algebras [l^, [SOj or the QFT formalism gD] and 
the study of De Sitter spaces, [13] . Note also that since the pioneering work of 
Pontryagin [35] , the theory of linear operators in Krein spaces has been devel- 
oped into a major branch of modern operator theory [T^], [53], [5]. 

The paper is organized as follows: in section 1 we review some general facts 
about Krem spaces, and define Krein subspaces and their kernels. Section 2 is 
devoted to indefinite representations, and discuss the links between invariant 
Krem subspaces and their kernels. It gives also criteria for irreducibility and a 
variant of Schur's lemma. Sections 3 and 4 then discuss the existence of a direct 
integral decomposition into irreducibles subspaces. 



1 Krem spaces, Krem subspaces and kernels 
1.1 Krein spaces 

A Krem space is an indefinite inner product space (3C, [■, •]) {i.e. the form [■, ■] 
is sesquilinear and Herniitian) such that there there exists an automorphism J 
of 3C which squares to the identity (called fundamental symmetry or signature 
operator), (x, y) = [Jx, y] defines a positive definite inner product and (3C, (■, ■)) 
is a Hilbert space. Equivalently, the indefinite inner product space [•, •]) is 
a Krem space if there exist an admissible (with respect to the inner product) 
hilbertian topology on 3C that makes it an Hilbert space. 

The following subsets are defined in terms of the "square norm" induced by 
the indefinite inner product: 

• K+ = {x ^ 3C : [x, x] > 0} is called the "positive cone" ; 

• K.^ = {x £ X : [x, x] < 0} is called the "negative cone"; 

• Ko = {x £ X : [x, x] — 0} is called the "neutral cone" . 

A subspace L C X lying within Kq is called a "neutral subspace". Similarly, 
a subspace lying within K_|_ (K_) is called "positive" ("negative"). A subspace 
in any of the above categories may be called " semi-definite" , and any subspace 
that is not semi-definite is called " indefinite" . 

Any decomposition of the indefinite inner product space X into a pair of 
subspaces 3C = 3C+ © OC- such that 3C+ C K+ U {0} and DC- C K_ U {0} is 
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called a " fundamental decomposition" of OC. JC^ equipped with the restriction of 
the bilinear form [•, •] is then a Hilbert space, and 3C_ the antispace of a Hilbert 
space To this fundamental decomposition is associated a fundamental 

symmetry J such that the scalar product {x, y) = [Jx, y] coincide with the 
scalar product of IK = ® 

The positive definite inner product (•, ■) depends on the chosen fundamental 
decomposition, which is, in general, not unique. But (see [TT]) any two funda- 
mental symmetries J and J' compatible with the same indefinite inner product 
on % result in Hilbert spaces |K| and |K'| whose decompositions |K|± and |K'|-|- 
have equal dimensions. Moreover they induce equivalent square norms hence 
a unique topology. This topology is admissible, and it is actually the Mackey 
topology defined by the bilinear pairing. All topological notions in a Krem 
space, like continuity or closedness of sets are understood with respect to this 
Hilbert space topology. 

Orthogonality is a key issue in indefinite inner product spaces. Let iL be a 
subspace of X. The subspace iL^-'-l = {x <E% : [x, y] = for all y e -C} is called 
the orthogonal companion of iL. If J is a fundamental symmetry it is related to 
the (Hilbert) orthogonal by iL^^l — (JiL)-*-. = £ n£[-'^l is called the isotropic 
part oi £j. If iL*^ = {0}, iL is called non-degenerate. It is called regular (or a 
Krem subspace) if it is closed and a Krem space with respect to the restriction 
of the indefinite inner product. This is equivalent to iL © iLl-*-! = % ([ll]) and 
this relation is sometimes taken as a definition of regular subspaces. 

If 3C and !K are Krem spaces, then continuity of operators is defined with 
respect to the Hilbert norm induced by any fundamental decomposition. 

Any continuous (weakly continuous) operator A has an adjoint A^*^ (with 
respect to the indefinite inner product) verifying 

Vfc G 3C, V/i e K, [Ak,h]:K^[k,A^*^h]oc (1.1) 

This adjoint is sometimes called J-adjoint (to emphasize the role of the fun- 
damental symmetry J) and it is related to the classical (Hilbert) adjoint by 
J A* J. 



1.2 Krem subspace and kernels 

We first make some definitions on remarks on kernels. 

Definition 1.1 
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1. Let E, be a l.c.s., £' its topological dual and £' the conjugate space of its 
topological dual. Then according to L. Schwartz JSEjj, we call kernel any 
weakly continuous linear application k : £' — > £. 

2. More generally, if (£,9^) is a semi-duality (a pair (£,9^) of spaces to- 
gether with a non-degenerate sesquilinear form (■,-)(g^£)A ^a^Z kernel 
any weakly continuous linear application x : J > £ . 

Since J" is identified with the space of continuous semihnear forms on £, the 
adjoint of >f (x*) is also a kernel of (£, iF). The kernel k is Hermitian if x* = >t. 
It is positive if 

V(^e:r,(</.,xM)(y_g) >o (1.2) 

A positive kernel is Hermitian. We note the set of positive kernels L+(3^, £), 
the set of Hermitian kernels L'' (5', £). 

It is crucial to note that the set of positive kernels L+ (?',£) is a salient 
convex cone (the positivity conditions then defines a partial order on the set of 
positive kernels: H < K ^==^ K — H > 0.) 

The set of Hermitian kernels will usually be to large for our applications and 
we will mainly study bounded kernels. A Hermitian kernel K is bounded by 
a positive kernel H \i H — K > Q and H -\- K > Q. In this case H is called a 
majorant of K and we say that (if, H) is a bounded pair (of kernels). We note 
the set of bounded hermitian kernels L^(3', £). 

We say that positive kernels K and L are independent if the following state- 
ment holds: 

liQ<H<K&nAQ<H<L then iJ = 0. 

We will sometimes use the following notation: if K and L are positive (kernels 
K + L = K (B L means that the kernels are independent. 

Definition 1.2 {K,H) is a Kolmogorov Hermitian pair (or minimal pair) of 
kernels if K is a Hermitian kernel, H a positive kernel that bounds K and 
H — K, H + K are independent. 

Second, we define Hilbert and Krcm subspaces of a semi-duality (£,!F) 
(equivalently of a l.c.s. £). 

Definition 1.3 

1. A Hilbert subspace !K of (£,?) is a Hilbert space continuously (for the 
Mackey topologies) included in £. 
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2. A Hermitian subspace 3C of (£,,3^) is the difference of two (disjoint) Hilhert 
subspaces of (£, 5"). 

3. A Krem subspace % of {E, IF) is a Krein space continuously (for the Mackey 
topologies) included in £. 

It si straightforward to see that the last two notions coincide (for details on 
Hermitian subspaces an Krein subspaces, we refer to [22]). We note Hilb{{£., 3^)) 
the set of Hilbert subspaces of (£,9^) and Krein{{E,3')) the set of Krem sub- 
spaces of (£,?'). 

We can now state the main results of the theory of Hilbert subspaces and 
Krein subspaces: 

Theorem 1.4 Suppose £ is quasi- complete (for its Mackey topology). Then 
there is a bijection between Hilb{{8,, 3^)) and {3^ , 8,) . Moreover, this bijection 
is an isomorphism of convex cones. 

Any reader particularly interested by the isomorphism of convex cone struc- 
ture can read [311 P 159-161, where the proof is detailed. The kernel iJ of a 
Hilbert subspace !K is characterized by the following equality: 

V^gJ, V/ieJ{, = (<^,/i)k£ (1.3) 

Theorem 1.5 There is a surjective morphism of convex cones between Krein{{£,, 3^)) 
and h^{3',£,). This is not an isomorphism in general. 

The kernel K oi a Krem subspace 3C is characterized by an equation similar to 
fOl 

Vip eJ,yke X, [K{ip), k]^ = (<^, A:)):^,£ (1.4) 

The existence of so-called kernels of multiplicity is the major difference between 
the two theories. It follows that all the constructions that rely uniquely on 
the kernel may fail, as we will see studying integral of Krem subspaces. To 
circumvent this flaw we introduce the notion of Krem-Hilbert pairs. 



1.3 Krem-Hilbert pairs 

Definition 1.6 A pair (3C,3^) is called a Krem-Hilbert pair 3C is a Krein space 
continuously included in the Hilbert space J{. 

It is called a closed Krem-Hilbert pair if % is a Krem space, closed subspace of 
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the Hubert space !K. 

It is a fundamental (or minimal) pair if there exists two Hilbert spaces J{+ and 
!}£_ , 

Of course any fundamental pair is closed. Any pair {3C, 3i) define a (bounded) 
hermitian kernel x : 5{ 3^. It is interesting at this point to note that even in 
this case the kernel x may be of multiplicity (see [36], [16], [9]). 

Example 1.7 Let (3C, J) be a Krein space with fundamental symmetry J. Then 
^ — 3C endowed with the scalar product {k, h)^ = [k, Jh]jc is a a Hilbert space 
and (OC, !H) is a fundamental Kretn- Hilbert pair. 

We note KH{{'J, £)) the set of minimal Krem-Hilbert pairs of subspaces 
(3C, equivalently of pairs (3C, %) of a Krein subspace and a Hilbert subspace 
of £, such that their kernels {K, H) form a minimal pair. 



1.4 Image by a weakly continuous application 

We suppose now we are given a second pair of spaces in duality (£,5^). It is 
actually possible ([35], and proofs therein) to define the image of a Krein 
space 3C by a weakly continuous linear application u : £ — > 2; by using orthogonal 
relations in the duality 3C, but this image is not in general a Krein space. 
We recall this construction hereafter. VA C £, denotes the restriction of u 
to the set A. We then define the following quotient space: 

M= (kcr(u|3,)W/ker(7/|3c)) 



Lemma 1.8 The linear application u\j^i is well defined and injective, and^ {m, h) £ 
M^, the bilinear form B(u\j^{n),u\M{rri)) — [n,m](^yc) defines a indefinite inner 
product on the space M|]v[(M). 

Proof We have the following factorisation 

u : ker(u|3c)'^' — > (ker(u|3c)'^V ker(w|3c) <£ 

and M|jvt is one-to-one. Moreover the bilinear form B : U|]v(;(M) x u\jyi{3vV) — > IK 
is well defined since: 

V(mi,TO2) G TO, V(rii,n2) £ h, [mi - m2,ni - n2]3c = 0. 
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However, it may happen that this image is Mackey-complete (for instance if 
u is one-to-one, or more generally if ker{u) is regular). In this case the space 
M|]v[(M) is actually a Krein space continuously embedded in and we can 
compute its kernel: 

Theorem 1.9 

If 'u-\mO^) is Krein space, then it is a Krein subspace of 2;. Its kernel is 

U O X u. 

1.5 Integral of Krem subspaces: the neccessity of Krein- 
Hilbert pairs 

The theory of direct integral of Hilbert spaces is well known, as is the theory of 
integral of Hilbert subspaces ([Mjj [12 )j and poses no difficulties. This is not 
the case for Krein spaces, where it is actually not possible to define directly the 
direct integral of Krem spaces as the following example shows: 



Example 1.10 Define on the following inner products 



yi 

Xi 



X2 

y2 



xiy2 + X2yi 



X2 \\ 1 ,2 

y2 ) /" " 7^:1X1X2 + n^ym 



Then (% = M^, [.|.]) is a Krein space, and 



are fundamental symmetries associated with the spaces (!K„ = M'^, 



We want to give a sense to K— Fact is that there are many possible 

n=l 

interpretations of this space in terms of Krein space. For instance 

+00 00 

= = 0^1 = = ^1 ® ^2 ©-, < 



as a vector space, with inner product 

+ CXJ +00 



k — ^ ^ fcn J ^ — ^ ^ hn 



n=l 



-t-00 



3C 



n=l 
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(one checks easily that this inner product is well defined for elements of ^i.) 
But 

+ 00 00 

%=iON = 0:H:„ = {/l=fci®fc2®..., ^\\kn\\l <+00} 
n—1 n—1 

as a vector space, with inner product 

+00 +00 



^ ^ km h — ^ ^ /in 



n=l 



I3C 



n=l 



is a second valuable choice, distinct from the first since e = ei © ei © ei... is in 
i3N but not in 

In terms of kernels, this has the following interpretation: Let £ — ]rNx{i,2} 
endowed with the topology of pointwise convergence, ioi and Sj2 are Hilbert 
subspaces of £. and and ^2 are distinct Krem subspaces of £ but with the 
same kernel (that is a kernel of multiplicity) 
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Note that by corollary 2 p. 253 in £ being the dual of a barreled nuclear 
space, this kernel is automatically of multiplicity. 



The idea is then to work on fundamental Krem-Hilbert pairs. 



Let T be a locally compact space endowed with a measure m. Let t — > 
(OCt, Jft) an application from T to KH{{J, £)), {Kt, Ht) be the kernels of (3Ct, Jft). 
We say that the family {(3Ct, Mt), t G T} is pseudo m-integrable if for all (/) € 3^, 
the function t — > ((/>, i/t(0))(gr g) is integrable with respect to to. The integral 
will be constructed as follows: 



Let 



nJ{ = e J{t, t e T} , y" \\ht\\l,^ < +oo| /Ji (1.5) 

where 51 is the equivalence relation of to almost sure equality, with norm 

\\{hte:KuteT}\\l^= f \\ht\\ 

Jt 



(1.6) 



This norm makes Wi a Hilbert space. Let HOC = ILK as a vector space and 
endow it with the indefinite form 



{fctG3Ct,ter},{fc;e3Ct,teT}]^^ = J 



kt , kf 



dm{t) 



(1.7) 
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Then HX, [., .]ux is a Krem space. 



From [35] there exists a continuous hnear appUcation <I> from IIIK to 3^* 
(algebraic dual of 3^ endowed with the topology o'(?'*, 3^)) defined by: 

e^t,te T}) = [ htdm{t) (1.8) 

JT 

where the second member is understood as the weak integral of a scalarly in- 
tegrable function. From the general theory of Hilbcrt subspaces [3^ and sub- 
dualities [26] (and previous section) the image of the Hilbert space IVK is the 
Hilbert subspace Jj,^tdm{t) of J* with kernel H = Htdm{t) G 
and the image of UX is a self-subduality (pseudo-Krem subspace in the termi- 
nology of [TB]) Jrp'Ktdm{t) of 3^* with kernel H = Jj,Ktdm{t). Remark that 
Jj,Xtdm(t) C JrpO-Ctdm(t) but is not equal in general. 



If the space Jj, %tdra{t) is a Krein space we say that the family is m- 
integrable. Remark that this is equivalent with saying that (J^, Xtdm{t), Jj, 'Ktdm{t)) 
is a Krem-Hilbert pair. If $ is one-to-one, then the family is actually m- 
integrable {[Jj, Xtdm{t) , Jj, Ktdm{t)) is a fundamental Krem-Hilbert pair) and 
in this case we say that the integral is direct. 

Under these assumption, the norm in 'Ktdm{t) is just 



/itdm(0||}®^^^„(,) - \\ht\\l^^dm{t) 
and the indefinite inner product in JrpXtd'm{t) is 



(1.9) 



ktdm{t), / k^dm{t) 



/® DCtdm{t) 



kt , k^ 



dm{t) 



(1.10) 



2 Group representations in Krem subspaces 

2.1 Unitary representations and Hilbert subspaces 

The study of group representation in Hilbert subspaces is one of the many 
approaches to harmonic analysis. The usual setting is the study representations 
of a Lie group G on Hilbert subspaces (for instance L^{p) for an invariant 
measure on G) of the space of distributions on X — G (or X an homogeneous 
space [7], [II])- One can also study Hilbert subspaces of other locally convex 
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spaces, such as spaces of holomorphic functions [13], [H]- 

We refer to the works [8], [22], [6] for fundamentals theorems on u-reducibiUty 
in reproducing kernel Hilbert spaces or Hilbert subspaces. 



2.2 Extension to Krein subspaces 

In this section T : £ ^ £ is a weakly continuous operator, and G is a group of 
weakly continuous endomorphisms of £ (in this section wc identify a group G 
with is image under a given representation r in £(£)). 

Definition 2.1 A Krein subspace 3C (with kernel K) is invariant under T if 
T(3C) C 3C, and T is a unitary operator (T^*^T = TTI*! ~ Ix)- 

Example 2.2 Let 9 eR, and define : by 



Then the Krein space 3C of example \1.10\ is invariant with respect to Tg . 

Proposition 2.3 A Krein subspace 3C (with kernel K) is invariant under T if 
T{%) C OC, TKT* = K and T{X) is a Krein space. 

Proof Let T(3C) be the inner product space, image of the Krem space %. 
Since it is Krein space, by theorem 11.91 it is a Krcin subspace of £ with kernel 
is TKT* = K. But T{X) C %, and by proposition 39 in [SB] the two Krem 
spaces coincide, and T acts as a unitary operator on %. 

Of course, if % is finite-dimensional then the equality TKT* — K \s suffi- 
cient. 

Definition 2.4 A Krein subspace % (with kernel K) is invariant under G if 



Remark 2.5 Since G is a group, then g(OC) is always a Krein space. 

Theorem 2.6 A Krein subspace % (with kernel K and minimal bound H) is 
invariant under a group G if and only if 




i smh(p) 
cosh(6l) 



cosh(0) 
i smh{9) 



Mg e G, g{%) C %, gKg* = K. 
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1. yg G G, gKg* = K 

2. yg e G, 3ag, gHg^ < UgH 



Proof Let g € G. By proposition 12.31 and remark [^751 JC is invariant under 
g if g{X) C 3C or equivalently, if g^K) C ^K. But ^(JC) is a Hilbert subspace of £ 
with kernel gHg* , and by proposition 15 in [36], the inclusion holds if and only 

if exits c > 0, gHg* < cH. 

Definition 2.7 A invariant Krein subspace % is called (topologically) irre- 
ducible if it admits no invariant closed subspace apart from and %. 
It is called indecomposable if any decomposition as a direct sum of two invariant 
closed subspaces involves the trivial subspaces. 

Definition 2.8 A invariant Krein subspace 3C is called regularly irreducible if it 
admits no invariant regular subspace (closed and a Krein space with the induced 
sesquilinear form) apart from and 3C. 

It is called regularly indecomposable if any decomposition as a direct sum of two 
invariant regular subspaces involves the trivial subspaces. 

Finally, following Kissin[21], we say that a representation on % is non- 
degenerate if 3C has no neutral invariant subspace. 

From [37J we have: 

Lemma 2.9 For a Hilbert space, the two notions of irreducibility coincide. 
Theorem 2.10 For Krein spaces: 

• Irreducibility indecompos ability, but the converse is not true. 

• Regular irreducibility <^=> regular indecompos ability. 

Proof The implication is straightforward. 
For the converse, suppose that % is indecomposable, and let JC be a regular 
subspace of %. Then "K^ is a regular subspace and "K ® JC^ = 3C. By indecom- 
posability, Jf = or 3-C = 3C. 
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2.3 Schur's lemma in Krem spaces 



A main tool in harmonic analysis is Schur's lemma, that asserts that for uni- 
tary representations in Hilbert spaces irreducibility is equivalent with operator 
irreducibility. The aim of this section is to study the link between the different 
notions in the Krem space setting. Note that a strange phenomenon will occur, 
for in the algebra of bounded operators on a Krem space the Gelfand-Naimark 
property is not valid [27j . and there exists self-adjoint nilpotent operators. 

Also, the set of self-adjoint operators in a Krein space is too large for a good 
spectral theory. Hence it is classical to study definitizable operators [20], [23]. 
An operator A is definitizable if there exists a polynomial p such that p{A) is 
a positive operator. Hence we start with the study of positive operators in the 
commutant of G. 

Lemma 2.11 Let % be a Krein space, regularly irreducible under a the action 
of a group of unitary operators G. 

Let A be a bounded positive operator and suppose that 

yr eG,, TA^ AT 

Then either 3C is a Hilbert space and A = XI, X > or 3C is not definite and 
A = N; Nnilpotent and positive, N"^ = 0. 

// moreover the representation is non-degenerate then ^ = 0. 

Proof If !X! is a Hilbert space then it is Schur's lemma. 
Suppose now that % is not definite. Since A is positive we have a spectral 
decomposition [23j. We note %p the corresponding spectral subspaces. These 
are Krem spaces and there orthogonal sum is %. Moreover, these spaces are 
invariant since spectral projections are in the double commutant of A. 
It follows that all of the spectral subspaces are {0} except one that is %. By 
spectral decomposition. A — pi is nilpotent, A = pi + N . Suppose p 0. Then 
B = I + p^^ N = I + M is positive and invertible, B^^ = / — M is also positive 
and B + B~^ = 21 is positive, which is excluded by hypothesis. It follows that 
p = 0, and N is positive, = 0. 

We can now state a general result for definitizable operators in the commu- 
tant of G: 

Lemma 2.12 (Regular Schur's lemma for Krem spaces) LefX be a Krein 
space, regularly irreducible under a the action of a group of unitary operators 
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G. 

Let A be a bounded definitizahle (self- adjoint) operator and suppose that 

VT &G,TA = AT 

Then 

A = N + XI; Nnilpotent. 
If moreover the representation is non-degenerate then A = XI. 

Proof Since A is definitizable we have a spectral decomposition. As before, 
by irreducibility all of the spectral subspaces are {0} except one that is X, and 
A — pi is nilpotent. 



Suppose now that the representation is non-degenerate. Let N be nilpotent 
of order fc > 1 and pose M = N''~^. Then = 0, ImM is neutral and 
invariant hence or DC, absurd. Then k = 1 and N = 0. 



Example 2.13 Let £ = CK ® CK where is a Hilbert space and 

with B anti-symmetric. Remark that G is a (multiplicative) group. Suppose 
also that an invertible antisymmetric operator exists. 

Pose = ^ ^ ) Then G defines J-unitary operators, Q = ^ g q 

is nilpotent and commutes with G. Remark that M = {"K, 0) is invariant under 
G, neutral in % — Q "Ji ami % is regularly irreducible, since only trivial (J- 
self-adjoint) projection commute with G by the existence of the invertible and 
antisymmetric operator. 



2.4 "Fundamental" representations 

It may happen that the group G carries a fundamental symmetry of %: 

3.9 G G. g = ,9'*' = g^^ and g positive. (2-1) 

In this case, we say that the representation is fundamental. The interest of 
fundamental representations lies in the following lemma and theorem: 
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Lemma 2.14 (Regular Schur's lemma for fundamental representation) 

Let % he a Krein space, regularly irreducible under the "fundamental" action of 

a group of unitary operators G. 

Let A be a bounded operator and suppose that 

VT gG, TA = AT 

Then 

A = XI 

Proof Let J be a fundamental symmetry associated to G. Pose B = ^^^^ ' , 

C = i'^—j—. Since G acts by unitary operators, AW] also commutes with G 
and B, C arc sclf-adjoint and commute with G. But they also commute with a 
fundamental symmetry, hence they are self-adjoint in the Hilbert space sense, 
admit a spectral function and by irreducibility their spectrum reduces to a single 
number. Finally A = XI. 

Theorem 2.15 For fundamental representations, regular irreducibility implies 
(topological) irreducibility. 

Proof Let £ be a closed subspace invariant with respect to the fundamental 
symmetry J e G. Then JL = L, and it follows that £[-^1 = (JL)^ = L^. But 
£- © =% and £- is regular, hence trivial. 

As a consequence: 

Corollary 2.16 For fundamental representations, the three following notions 
coincide: 

1. Regular irreducibility; 

2. Operator irreducibility; 

3. Topological irreducibility. 

Note that a fundamental representation is then obviously non-degenerate. 



2.5 Reproducing kernel Krein space and irreducible rep- 
resentations 

In this section we suppose that £ = C^, where X is a set, and G is a group 
acting transitively on X (for instance X is an homogeneous space). There is a 
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canonical action of G on £ defined by: 

ygeG,T,{f){x)^f{9-\x)) (2.2) 

Let 3C be a Krein subspace of £ (we call such a subspace a reproducing kernel 
Krem space) invariant with respect to r. 

Note that for such a subspace [36], [28], [26] we can identify its (unique) 
kernel with a reproducing function K{., .) on that verifies: 

y(x, y) e X\ [K{x, .), K{y, .)]^ = K{x, y) (2.3) 

or equivalently (this is equation II. 4p 

e X, Vfc e %, [K{x, .), k]^ = k{x) (2.4) 

For any G X, we define its isotropy group tu = {g G G, guj = uj}. For 
such a subgroup we define the subspace — {k e X, G ru, Tg{k) — k} of 
ci7-invariant functions. 

Theorem 2.17 

1. if K is the reproducing kernel function ofK., 

V.g G G, V(a;, y) e X\ K{gx, gy) = K{x, y) (2.5) 
^. if%^ {0} </ien DC^ ^ {0}. 

3. i/diin(3C'^) — 1 then the representation is regularly irreducible. 
Proof 

1. Fix g ^ G and define R{x,y) — K{gx, gy). Since the representation is 
unitary, 

[R{x,-),k]j^ = [K{gx,g.),k]j^^ [Tg{K{gx,g.)),Tg{k)]^ 
= [K{gx,.),k{g^^.)]^^ k{g~^gx) 
= k{x) 

and we conclude by unicity of the kernel. 

2. Since % ^ {0}, the function K{.^ .) is not identically zero and exists x, y in 
X^, K{x, y) ^ 0. Since G acts transitively on X, exists g € G, gx = u> and 
by equation l2. 51 j^fcj. av) ^ 0. But still by equation l2.5l and the definition 
of w the function fc(.) = K{lj, .) is in OC", and ^ {0}. 
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3. Let 3Co be a regular subspace of 3C. Then it is a Krem space continuously 
included in hence it admits a reproducing kernel function Kq. But 
Ko is then G-invariant and Ko{u), .) e X"^ . Since dim(3<:'^) = 1 Ko{u;, .) 
is proportional to K{uj, .) and by transitivity of G, -ftTo is proportional to 
K: 

3c e C, Vx, y e Koix, y) = cX(a;, (2.6) 
Now let fco e ^0, koix) ^ 0. 

fco(x) = [Ko{x, .),kQ{.)]y. 
= c[K{x,.),ko{.)]j<^ 
= cko{x) 

and c = 1. The two Krem subspaces have the same kernel, one is included 
in tho other hence by proposition 39 in 36J they coincide as Krein spaces. 



Example 2.18 (Homogeneous polynomial representations of the Lorentz group) 

Let X = M.'^ and G = 5*0(1,2) be the associated Lorentz group. The action of 

/ 1 \ 

G on X is transitive, and if J = \ —1 \ is the Minkowski metric 

V -1 ; 

operator, then the reproducing kernel K{x,y) = ({Jx,y)-g^3)"' is invariant under 
G and it defines a finite- dimensional Krem space of homogeneous polynomials 
of degree n. 

Let LU = e^. Then its isotropy subgroup zu contains the Lorentz boosts 

/ cosh(6') sinh(6l) 
Te = sinh(6l) cosh(6') 
\ 1 

It follows the the space of w invariant functions is at most one-dimensional: 
Let k be an invariant homogeneous polynomial of degree n. Then it is of the 
form 

fc(x) = ^a,((,J2/„x))" (2.7) 

and its invariance under the Lorentz boosts Tg implies 

Vi e /, Teyi = 

Finally yi cx (0, 0, 1) and k is of the form k{xi, X2, X3) = a{x3)"' . 
But %^ is also at least of degree one by theorem \2.17\ (2), and by (3) 3C is 
regularly irreducible. Note that the representation is actually fundamental (J G 
G), and 3C is topologically irreducible. 
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3 Integral decomposition in convex cones 



In this section, any convex cone A will induce its proper order <a: 

{d,d') e A"^, d' <Ad ^ d-d' (E A (3.1) 

Two elements d, d' will be called A-independent if h <a d, h <a d' implies 
h = and we note d IIa d' . This is the relation we definition we used for the 
cone of positive kernels. 



3.1 Integral representation property for closed convex cones 

First we recall the definition of the integral representation property (I.R.P.), and 
the main theorem of integral representation in conuclear cones due to Thomas 
|41| . In the following ext{T) denotes the set of extreme rays of any closed convex 
cone r, and M+(X) the set of positive radon measures on the topological set 
X. 

Definition 3.1 A closed convex cone T has the I.R.P. if 

1. for every closed convex suhbcone Ti C T, the map r : M.^ {ext(Ti)) — > Fi 
is onto; 

2. the map r : M+(ea;i(Fi)) — » Fi is bijective if and only ifTi is a lattice 
(with respect to its proper order). 

Theorem 3.2 Let F be a weakly complete conuclear space. Then any salient 
and closed convex cone T d F has the I.R.P. 

For the rest of this section we suppose that F = ^ x ^ is a weakly complete 
conuclear space, £ is a salient closed convex cone of ^ and 2J = £ — £ is the 
vector space generated by £. It follows that F = 9J x £ is a salient closed 
convex cone of F that has the I.R.P. (for our application, g" will be the space 
of kernels and £ the cone of positive kernels) and every closed convex subcone 
(for instance the pairs of invariant kernels) will have the I.R.P. 

Let D — {{v,c) G 2J X £, — c <c v <£ c} be the closed convex cone of 
dominated pairs. We now define the set of minimal pair in this setting: 
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Definition 3.3 The pair {v, c) € D is ^-minimal (or a minimal pair) if c — v 
andc + v are independent for the order induced by £ (c — vU^c+v), equivalently 
if any /i G C verifying h <£ c — v, h <£ c + f is zero. 

Lemma 3.4 Let (v,c) Cz D be a minimal pair. If(w,d) <o (i',c), then (w,c?) 
is <L-minimal. 

Proof Let {u,p) ^{v — w,c~d)^D. Let h <,r d — w, h <£ d + w. Then 
h — d — p <^ w + u <ir {d — h) + p (3-2) 
and since w + u = v, d + p = c, h — c <^ v <£ c — h which gives 

h <£ V + c, h <£ c — V (3-3) 
and h = since (v, c) is minimal. 

Lemma 3.5 Let {v, c) ^ D not be minimal. Then there exists /i G £ — {0} and 
{v,d) e D, {v,c) = {v,d) + {0,h) 

Let r be a closed convex subcone of F and (f , c) G = mZ? be a minimal 
pair. By the previous theorems if i ^ (ctj/t), T — > ea:t(r£)) is an admissible 
parametrization of the extreme rays then there exists a Radon measure to on T 
(unique if the face Yd {{v,c)) is a lattice) such that 

{v,c)^ J^ietJt)dm{t) (3.4) 

Lemma 3.6 The set of{t,t') G T^ such that {et + et' , ft + ft') is not a minimal 
pair is of m measure 0. 

Proof Suppose to is of mass one. We have 

{v,c)^ j {etjt)dm{t)= f {et + e^ , ft + ft')d{m ® m){t,t') (3.5) 
jt Jt^ 

From the construction in j41| . to is concentrated on a compact and metrizable 
(hence separable) set of B of iJ', and exists {v5„,n G N} a dense family of B. 
Let 

N = {{t,t') G T^, (et + et'Jt + ft') not minimal} (3.6) 
Then by lemma 

V(i,<')eiV, 3ht.t'>0, (et + et',ft + ft')^lt,t' + {OM.t') (3.7) 



18 



Define 

Nn = {{t,t')(,N, ^^(ht,t')>Q} (3.8) 
Then N ~ UneN ^^"^ Hahn-Banach theorem. 

/ {et+et'Jt+ft')d{m®m){t,t')^l -it,vd{m®m){t,t')+ i {0,ht.t')d{m®m){t,t') 

(3.9) 

and by lemma [23] {0,ht)d{m (8) m){t,t') — {0,h) is a minimal pair hence 
//v ht^t'd{m ® m)[t,t') — 0. It follows that ipn{ht.t')d{m ® m){t,t') = 
which implies that m{Nn) = since tfn{ht,t') > (This is a classical application 
of the monotone convergence theorem). Finally by cr— subadditivity 'm{N) — 0. 



4 Applications to invariant kernels and Krem 
subspaces 

As for the direct integral of Krem subspaces, where the Krein space structure 
only was not sufficient, the kernel alone of a Krem subspace is not sufficient to 
have a minimal decomposition. This is due to the vector space structure of the 
set of hermitian kernels, hence the fact the order intervals are not bounded. To 
get an integral decomposition, we work on Krcin-Hilbert pairs and their kernels. 



4.1 Integral decomposition of invariant minimal Krein- 
Hilbert pairs 

Let £ = L+(5', £) be the cone of positive kernels in iL(?, £) and 5J = £ — £ = 
L''(5', £) be the vector space generated by £, vector space of bounded hermitian 
kernels. Suppose that the space iL(3', £) is weakly complete and conuclear. 
Then the cone F = x £ is a salient closed convex cone, and it has the I.R.P. 
(this will for notably be the case if £ is the space of distributions on a Lie group 
G m]). Let T be a group of weakly continuous operators on £, and define the 
following convex cones: 

V = {K e^s, yr e7, tkt* = k} (4.1) 

and for A = {At, T G T} a family of positive numbers indexed by T 

Ia = {iJ e £, VT e T, THT* < XtH} (4.2) 
Finally let ri3(A) = (U x Ia) P| _D where D is the cone of dominated pairs. 
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Lemma 4.1 rc(A) is a closed convex subcone of F ■ 

Proof The convexity is straightforward, and the closedness foUows from 
the weak continuity of T C T: 

For aU 7 e R, the operators 7T :£(?■,£) ^ £) defined by jf{v) = j.v - 
TvT* are weakly continuous, U = flTeT ir"^{0} and Ia = flreT A?r~^{G:} 

Let (%, "K) be an invariant minimal Krem-Hilbert pair of subspaces of £ with 
kernels {K, H). Using the results of section 2 3A, [K, H) G rD(A). By the previ- 
ous theorem \it —> {Kt,Ht), T — > ext{T d{J^)) is an admissible parametrization 
of the extreme rays then there exists a Radon measure m on T (unique if the 
face r£i(A) {{K, H)) is a lattice) such that 

{K,H)^ j^{Kt,Ht)dm{t) (4.3) 

Define (3Ct, 5{t) the associated family of invariant Krein-Hilbert pairs of sub- 
spaces of £ with kernels {Kt,Ht). Then by equation 14. 3i this family is pseudo 
m-integrable and we can define their integral (3Ct, IKt)dm(t). 

Proposition 4.2 // the family is m-integrable then 

j {%t,'Kt)dm{t) ^ {%,%) (4.4) 

Proof the space Jj,%tdni{t) C /yIKtc?m(i) — "K, but J{ — 3C as subspaces 
and since Jrp3Ctdm(t) and 3C are Krem subspaces, then they coincide (proposi- 
tion 39 p 246 in [35]). 

In fact we have more : 

Theorem 4.3 The integral Jrp{%ti^t)dm(t) is a direct integral and 

{X,^:) = r {%t,'Kt)dm(t) (4.5) 

JT 

To prove this theorem we need the following lemma 

Lemma 4.4 Let {V^C), {W,D) and {U,P) be three minimal pairs in Td{A) 
such that (y, C) = (W, D) + (U,P). Suppose moreover that iW,D), (U,P) are 
extremal. Then either they belong to the same extreme ray or D and P are 
^-independent. 



20 



Proof 



C = D + P, v = W + U (4.6) 
^ {C-v) = {D-W) + (P- U), (C + v)^{D + W) + {P + [/)(4.7) 
=> {D -W) + (P -U)UeiD + W) + (P + U) (4.8) 

Or equivalently in terms of subspaces 

D + T = ((D - W) + (T - It)) ® (CD + W) + (T + U)) (4.9) 

Let be the kernel of the Hilbert subspace !B+, intersection of the Hilbert 
subspaces with kernel {D — W) and {P — U), and i?_ be the kernel of the 
Hilbert subspace S_, intersection of the Hilbert subspaces with kernel {D + 
W) and {P + U). These two kernels are independent, and there sum define a 
invariant Krem subspace hence {B = — B-, Q = B+ + _B_) G r£i(A). But 
(B,Q) <r„(A) {W,D)- {B,Q) <r^(A) {U,P), hence either 

{B,Q)^a{W,D)^ I3{U,P), a > 0, /3 > 

and (W, D) and {U,P) belong to the same extreme ray or {B,Q) = and in 
this case D and P are ^-independent. (Precisely, in equation 14.91 2) + CP = 
(B - W) ® (y - U) e (D + W) © (T + U) and the sum D © y is direct). 

We can now prove theorem 14.31 

Proof From the theory of integral of Hilbert subspaces [42] an integral of 
Hilbert subspaces is direct if the subspaces are disjoint. But lemma [5^ combined 
with lemmas [4.41 and [3^ prove that the spaces are disjoint. It follows that the 
integral of Hilbert subspaces is direct, hence that $ is one-to-one. Finally the 
integral of Krem-Hilbert pairs of subspaces is direct. 



4.2 Extremality and irreducibility 

It is easy to prove that a regularly irreducible Krem space with kernel K induces 
extremal pairs of kernels {K, H) for any minimal majorant H of K (by the 
regular Schur's lemma [2. 121 any self-adjoint projection P is the identity). 

However the converse is not true as proves the following example: 

Example 4.5 Consider example \1.10\ and T — Ji , E — %. Then (/, J2) is an 
extremal pair but 3C is reducible ({I, Ji) is not extremal). 
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Moreover, it is not clear wether an integral decomposition into irreducible 
subspaces always exists. The reason is that the set of minimal majorant of K 
is not bounded as soon as % is not definite, and maximisation procedures on 
Choquet's conical measures may fail, as in the following (trivial) example: 

Example 4.6 Consider the same example with T = I. Let P+ = ^^^^ and 
Pn — "^^2^" - then the family {J„, n £ N*} is not bounded, so are the families of 
projections {P,^, n G N} and {Pn , n G N*}, but they define invariant subspaces 
and P+ +P- = I. 

To ensure the regular irreducibility of the pairs of spaces occurring in the 
decomposition H751 we make the following hypothesis (FS): 
Fix an invariant Krem space 3C. Then there exists an isomorphism J : £ — > £ 
such that: 

1. {K, JK) is a minimal pair defining % 

2. and Vi in U (hence verifying equation 14. ip . JLJ* = L. 

This hypothesis is strong since we have to know the existence of a special 
symmetry first. However, if the group G is large enough, it may have a rep- 
resentative J such that (K, JK) is a minimal pair (this is what we called a 
fundamental representation), and in this case the second condition is always 
fulfilled. It is also the case if the algebra generated by G carries a fundamental 
symmetry. 

Lemma 4.7 Under the hypothesis (FS), any extremal pair (L, JL) G Tjj de- 
fines a regularly irreducible Krein subspace. 

Proof Suppose the Krein space L with kernel L and Hilbert majorant S 
with kernel G — JL is not regularly irreducible. Then there exists a projection 
P on iL such that P{^) is an invariant Krem space. Its kernel is obviously PL, 
direct calculations give that PJL is positive and a minimal majorant of PL 
since by hypothesis, PJL = PL{J*)-^ = JPLJ*{J*)-^ = JPL. We can do 
the same for the projection (/ — P) and it follows that 

[L, JL) = {PL, JPL) + ((/ - P)L, (J(/ - P)L) (4.10) 

with the three terms in Tjj, and (i, JL) is not extremal. 

Now take for minimal pair of kernels {K, H — JK). 
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Lemma 4.8 Suppose [K, JK) = [W, D) © {U, E). Then D = JW, E = JU . 



Proof Let P be the orthogonal projection in the Hilbert subspace with 
kernel JK on the subspace with kernel D. Then [36j D = PJK. But direct 
calculations give also that W = PK (P is also self-adjoint for the indefinite 
inner product induced by K). 
We can now use the hypothesis: 

D = PJK = PJKJ*{J*)-^ 
= PK{J*)-^ =W{J*)-^ 
= JWJ*{J*)-^ ^ JW 



Lemma 4.9 In the decomposition 

{K,H) = f {Kt,Ht)dm{t) 

JT 

we have 

Ht^ JKtm-a.s. (4.11) 



Proof We know that any measure m verifying equation 14.31 is concentrated 
on a compact and metrizable (hence separable) set B. Let {ipn,n G N} be a 
dense family of B and define 

N = {teT, {Kt,Ht) ^ [Kt, JKt)} (4.12) 

N+ ^{teN, ^niJKt-Ht)>0} (4.13) 

N- ^{teN, ipniJKt - Ht) < 0} (4.14) 

Then N = UnewC^n U iV^) by the Hahn-Banach theorem. 

By theorem 14.31 we can change the measure such that the following integral is 

direct: 

{K,H)^ / {Kt,Ht)dm{t)^ / {Kt,Ht)dm{t)® / {Kt,Ht)dm{t) 
Jt Jn„ Jt\n^ 

(4.15) 

and by lemmaHJ Jn+ {Kt , Ht)dm{t) is of the form (VF, JW) . But = /^+ Ktdm{t) 
hence JW — Jj^+ JKtdm(t) and we get Jj^+{JKt - Ht)dm{t) = 0. It fol- 
lows that Jj^+ ipn{JKt — Ht)dm{t) = which implies that m{N:^) — since 
(pn{JKt — Ht) > 0. The same arguments work for and finally m{N) = 0. 

Combining theorem 14.31 lemma and lemma [^771 we get: 
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Theorem 4.10 Let % he a invariant Krem subspace, and suppose that the hy- 
pothesis (FS) is verified. Suppose moreover that the space E is weakly complete 
and conuclear. Then (3C, 3i = J3C) admits a direct integral decomposition in 
terms of irreducible invariant Krem-Hilbert pairs (3C(,5{t = J3Ct): 



(3C, !}£) 



iXt,^t)dmit) 



(4.16) 



Moreover, we have an analogue of Parseval's formula: 



k— ktdm{t),k'— / kf.dm{t) 
T Jt 



kt,k^^^ dm{t) (4.17) 



Example 4.11 Consider examvle \'2.18\ X = M? and G = 5*0(1,2) is the as- 

1 

sociated Lorentz group, J = (0—1 | is the Minkowski metric operator. 

0-1 



Note that £ = is a nuclear and Frechet space (as a product of nuclear 
and Frechet spaces 14^ )> hence conuclear 115}/ . fSEj. 



The pair K(x,y) = exp {Jx,y)s.3 , H(x,y) — exp(x,y)R3 is a fundamental 
pair of kernels, K{x,y) is invariant under G and for all g ^ G Tg{!K) C JC. 
Moreover K = tjH with J in G, and the representation is fundamental. Fi- 
nally the hypothesis of theorem \4.10\ are fulfilled and {%, % = tj%) admits a 
direct integral decomposition in terms of irreducible invariant Krem-Hilbert pairs 

{%t,'Kt = Tj%t). 

The decomposition is as follows: 

K..{x,y) = i!dl2jMr^ H^^x,y) = JK^ix,y) = (4.I8) 

n! n! 

and 

(ac,j{) = 0(ac„,j{„) (4.19) 



Note that each Krein space 3C„ of homogeneous polynomials of degree n with 
kernel Kn{x,y) is regularly irreducible by theorem \2.n\ 



References 

[1] D. Alpay, Some remarks on reproducing kernel Krem spaces, Rocky Moun- 
tain J. Math. 21 (1991), 1189-1205. 



24 



[2] D. Alpay, The Schur algorithm, reproducing kernel spaces and system the- 
ory, SMF/AMS Texts Monogr., 2001. 

[3] J. -P. Antoinc and S. Ota, Unbounded GNS representations of a * -algebra 
in a Krein space. Letters in Mathematical Physics 18 (1989), 267-274. 

[4] H. Araki. Indecomposable representations with invariant inner product : 
A theory of the Gupta-Bleuler triplet, Commun. Math. Phys. 97 (1985), 
no. 1-2, 149-159. 

[5] N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 

(1950), 337-404. 

[6] M.B. Bekka and P. de la Harpe, Irred,ucibility of unitary group representa- 
tions and reproducing kernels Hilbert spaces. Expo Math 21 (2003), 115- 
149. 

[7] J. Capelle, Convolution on homogeneous spaces, Ph.D. thesis. University of 
Groningen, 1996. 

[8] A.I. Carey, Group representations in reproducing kernel hilbert spaces, Re- 
port on Math. Physics 14 (1978), 247 259. 

[9] B. Curgus and H. Langer, Continuous embeddings, completions and com- 
plementation in Krein spaces, Radovi Mathematicki 12 (2003), 37-79. 

[10] P.A.M. Dirac, Bakerian lecture, the physical interpretation of quantum me- 
chanics, Proc. R. Soc. 180 (1942), no. 980, 1-40. 

[11] M. A. Dritschel and J. Rovnak, Operators on indefinite inner product 
spaces, vol. 3, Fields Inst. Monogr., 1996. 

[12] J. Faraut, Espaces hilbertiens invariants de fonctions holomorphes, Semin. 
Cong. 7 (2003), 101-167. 

[13] J. Faraut and E.G.F. Thomas, Invariant Hilbert spaces of holomorphic 
functions, J. Lie Theory 9 (1999), 383-402. 

[14] J. P. Gazeau and M. Lachieze Rey, Quantum field theory in de sitter space 
: A survey of recent approaches. Fifth International Conference on Mathe- 
matical Methods in Physics IC2006, Proceedings of Science, 2006. 

[15] A. Grothcndicck, Produits tensoriels topologiques et espaces nucleaires, 
vol. 16, Mem. Amer. Math. Soc, 1955. 

[16] T. Hara, Operators inequalities and construction of Krein spaces, Integr. 
Equ. Oper. Theory 15 (1992), 551-567. 

[17] W. Heisenberg, Unified field theory of elementary particles, Wiley, London, 
1966. 



25 



[18] G. Hofmann, On inner characterizations of pseudo-krein and pre-krein 
spaces, Publ. RIMS, Kyoto Univ. 38 (2002), no. 4, 895 922. 

[19] I.S. lokhvidov and M.G. Krein, Spectral theory of operators in spaces with 
an indefinite metric, i, Am. Math. See, Transl. II (1960), no. 13, 105-175, 
English. Russian original. 

[20] I.S. lokhvidov and M.G. Krein, Introduction to the spectral theory of oper- 
ators in spaces with an indefinite metric, Akademie-Verlag, Berlin, 1982. 

[21] E. Kissin, A. Loginov, and V. Shulman, Derivations of C* -algebras and al- 
most Hermitian representations on iTk-spaces., Pacific J. Math. 174 (1962), 
no. 2, 411-430. 

[22] R.A. Kunze, Positive definite operator-valued kernels and unitary represen- 
tations, Functional analysis, Proc. Conf., Irvine, Calif., Academic Press, 
1966-1967, pp. 235-247. 

[23] H. Langer, Spectral functions of definitizable operators in Krein spaces. 
Functional analysis, Dubrovnik (Springer- Verlag, ed.). Lecture Notes in 
Math., vol. 948, 1982, pp. 1-46. 

[24] A. I. Loginov, Semidegenerate algebras in a Pontryagin space, Mathemati- 
cal Notes 6 (1969), no. 1, 503-507. 

[25] X. Mary, Hilbertian subspaces, subdualities and applications, Ph.D. thesis, 
INSA dc Rouen, 2003. 

[26] X. Mary, Theory of subdualities. Journal d'Analyse Mathematique 97 
(2005), 203-241. 

[27] X. Mary, Moore-Penrose inverse in Krein spaces, Intcgr. Equ. Oper. Theory 
60 (2008), no. 3, 419-433. 

[28] X. Mary, D. Dc Brucq, and S. Canu, Sous-dualites et noyaux (repro- 
duisants) associes, C. R. Math. Acad. Sci. Paris 336 (2003), no. 11, 949- 
954. 

[29] M. Mnatsakanova, G. Morchio, F. Strocchi, and Yu Vernov, Irreducible 
representations of the Heisenberg algebra in Krein spaces. Journal of Math- 
ematical Physics 39 (1998), no. 5, 2969-2982. 

[30] M. Mnatsakanova, G. Morchio, F. Strocchi, and Yu. Vernov, Represen- 
tations of CCR algebras in Krein spaces of entire functions. Letters in 
Mathematical Physics 65 (2003), 159-172. 

[31] M. A. Naiamrk, Kommutative symmetrische operatorenalgebren in pontrya- 
ginschen rumen iTk, Mathematische Annalen 162 (1965), no. 1, 147-171. 

[32] S. Ota, Unbounded representations of a * -algebra on indefinite metric space, 
Ann. Inst. Henri Poincare (A) (1988). 



26 



[33] W. Pauli, On Dirac's new method of field quantization, Rev. Mod. Phys. 
15 (1943), 175-207. 

[34] W.R. Pestman, Group representations on Hilbert subspaces of distributions, 
Ph.D. thesis, University of Groeningen, 1985. 

[35] L.S. Pontryagin, Hermitian operators in spaces with indefinite metric, 
Izvestiya Akad. Nauk USSR, Ser. Matem. 8 (1944), 243-280, Russian. 

[36] L. Schwartz, Sous espaces hilbertiens d'espaces vectoriels topologiques et 
noyaux associes, J. Analyse Math. 13 (1964), 115-256. 

[37] L. Schwartz, Sous-espaces hilbertiens et noyaux associes; applications aux 
representations des groupes de Lie, 2e Cohoque C.B.R.M. sur I'Analyse 
Fonctionelle, Liege, 1964, pp. 153-163. 

[38] L. Schwartz, Radon measures on arbitrary topological spaces and cylindrical 
measures, Oxford University Press, 1973. 

[39] P. Sorjonen, Pontryagin Raiime mit einem reproduzierenden Kern, Ann. 
Acad. Fenn. Ser. A 1 (1973), 1-30. 

[40] F. Strocchi, Local and covariant gauge quantum, field theories. Cluster prop- 
erty, superselection rules, and the infrared problem, Phys. Rev. D 17 (1978), 
no. 8, 2010-2021. 

[41] E.G.F. Thomas, Integral representations in conuclear cones, J. Convex 
Anal. 1 (1994), 225-258. 

[42] E.G.F. Thomas, Functional analytic aspects of non-commutative harmonic 
analysis, Indigationes Math. 16 (2005), no. 3-4, 679-696. 

[43] F. Treves, Topological vector spaces, distributions and kernels. Academic 
Press, 1967. 

[44] G. van Dijk and M. Pevzner, Invariant Hilbert subspaces of the oscillator 
representation, 2002. 



27 



